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Abstract—Steady-state calculation for a system with induction
motor loads is challenging due to motor loads’ characteristics.
The objective of this paper is to find steady-state variables and
operation limits of a system with induction motors using ad-
vanced computing tools, e.g., YALMIP. This is achieved through
optimization problem formulating and solving. The proposed
formulations can accurately identify the maximum load torque
limit for induction motor during the occurrence of balanced
and unbalanced voltage dip, the minimal voltage level a motor
can handle for a given load torque, and state variables of
a system under certain operating conditions. Solutions from
the optimization problems are validated using electromagnetic
transient (EMT) simulation results.

Index Terms—Three-Phase Induction Motors, voltage unbal-
ance, power quality.

NOMENCLATURE

ωe, ωr, ωm Stator, rotor, and rotating angular frequency.

Pag, P
p
ag, P

n
ag Net, positive, negative air gap power.

Tem, T
p
em, T

n
em Net, positive, negative electromagnetic torque.

Ins , I
n
r Stator and rotor negative sequence current.

Ips , I
p
r Stator and rotor positive sequence current.

Rg, Xg line resistance and reactance.

Rr, Xr Rotor resistance and reactance.

Rs, Xs Stator resistance and reactance.

s, poles Slip, Poles.

V p
g , V

n
g Positive and negative sequence voltage of the grid.

V p
t , V

n
t Positive and negative sequence voltage of the motor.

Xm Magnetizing reactance.

I. INTRODUCTION

Induction motors are widely used in the industry for their

versatility and economic advantages [1], [2]. Three-phase

induction motors are 80% of the industrial load [3]. Therefore,

the performance of this type of machine under non-ideal condi-

tions has been investigated and address in previous literature

[3]–[11]. The harmonic impact on the induction machine is

investigated in [7]. The presence of the harmonics increases

the temperature of the machine. In [6], the motor performance

during short interruptions of the supply is studied. Short inter-

ruptions could cause mechanical shock to the induction motor.

While overvoltage shortens the life of the motor, undervoltage

cases the motor to heat and reduces its speed.

Another type of the power quality problems that cause

several issues to the performance of the three-phase induction

motor is the unbalance voltage supply. Several studies have

been conducted to examine the different impacts of the unbal-

anced voltage supply since the 1950s [8]. In addition to the

efficiency reduction of the motor, protection difficulties can be

introduced by small unbalances in line voltages [5].

Temperature rise, which minimizes the life of the motor,

is another issue caused by the unbalance voltage condition.

In [10], the heat impact of the negative-sequence current is

examined. A small negative-sequence stator voltage will cause

a large negative-sequence current, which leads to more heating.

In addition, the presence of the negative sequence causes

vibration which may lead to sever mechanical issues.

Unbalanced motor voltages will induce unbalanced currents

which contain positive and negative sequence components.

The positive current component will produce a torque that

is in the direction of field of the positive-sequence current.

Meanwhile, the negative current component will induces a

reversing torque that is in the opposite direction of the positive-

sequence magnetic field. Hence, the maximum average torque

can be achieve by the machine is reduced due to unbalance.

Further, the interactions between the two fields of different

sequences and produced by stator currents and rotor currents

introduces pulsating torque and motor noise [12].

With more smart building integrated into power grids and

given that induction motor loads are major components of

smart building [13], interest on steady-state analysis of a

system with induction motor loads rekindled. Compared to a

half century ago, we now possess more advanced computing

tools to conduct analysis. Thus, the objective of this paper

is to conduct steady-state analysis of induction motor opera-

tion using advanced computing tools, e.g., YALMIP [14], a

MATLAB toolbox for optimization. In this paper, the steady-978-1-7281-4436-8/20/$31.00 ©2020 IEEE



state variables of the motor under certain conditions are found

by means of solving nonlinear equations. An optimization

problem is formulated to find the maximum load torque a

motor can handle during balanced and unbalanced voltage dip.

Moreover, the minimal grid voltage that a motor can handle to

serve a given torque is found using the optimization approach.

The results show that the proposed algorithm can accurately

identify the motor variables and limits.

The rest of the paper is organized as follows. Section II

and Section III present the steady-state equivalent circuit of

an induction motor and the steady-state variables calculation.

Three case studies, namely, (i) finding the motor state variables

during unbalanced voltage condition, (ii) maximum torque that

a motor can handle during unbalanced voltage dip, and (iii)

minimal grid voltage a motor can handle for a given torque,

are given in Section IV. The analysis results are confirmed

by simulation results from MATLAB/SimPowerSystems. The

conclusion is presented in section V.

II. EQUIVALENT CIRCUITS OF AN INDUCTION MOTOR

During unbalanced voltage condition, a three-phase induc-

tion motor can be represented by two equivalent steady-state

circuits: positive- and negative-sequence circuits. The zero-

sequence is neglected as the zero-sequence stator current does

not setup a magnetic field. Hence there is no induction on the

rotor side, nor there will be torque generated. If the circuit

connecting the motor to the grid is taken into account (as in

Fig .1), the positive- and negative-sequence equivalent circuits

will be given in Fig. 2. The core loss is neglected since it is

very low compared to the rotor and the stator copper losses.

Grid 
RL Circuit

Induction 
Motor

Fig. 1: System Configuration.
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Fig. 2: Equivalent circuit. (a) positive-sequence circuit (b) negative-sequence circuit.

In order to find the nine steady-state variables including stator

positive- and negative-sequence currents (notated as Ips∠φp
s ,

Ins ∠φn
s ), rotor positive- and negative-sequence currents, (no-

tated as Ipr∠φp
r , Inr ∠φn

r ) and machine slip (notated as s) for the

system in Fig .1 for a given grid voltage and motor torque, nine

equations should be considered. Difficulties are introduced

due to the non-linearity of these equations. In section III,

detailed formulation is provided to solve the problem through

an advanced computing tool (YALMIP [14]).

The two equivalent circuits can be expressed by four equa-

tions, shown in (1).

−V p
g ∠θpg + (Rs +Rg + j(Xs +Xm +Xg))I

p
s∠φp

s

− jXmIpr∠φp
r = 0 (1a)

−V n
g ∠θng + (Rs +Rg + j(Xs +Xm +Xg))I

n
s ∠φn

s

− jXmInr ∠φn
r = 0 (1b)(

Rr

s
+ j(Xr +Xm)

)
Ipr∠φp

r − jXmIps∠φp
s = 0 (1c)

(
Rr

2− s
+ j(Xr +Xm)

)
Inr ∠φn

r − jXmIns ∠φn
s = 0 (1d)

Further, the voltage of the motor terminals can be found:

V p
t ∠θpg = −V p

g ∠θpg + (Rm + j(Xs))I
p
s∠φp

s

V n
t ∠θng = −V n

g ∠θng + (Rg + j(Xs))I
n
s ∠φn

s

(2)

The air gap power developed by the positive and negative

sequence components are given in (3), with one to produce

forward electromagnetic torque while the other to produce

backward torque.

P p
ag = 3(Ipr )

2Rr

s
, Pn

ag = 3(Inr )
2 Rr

(2− s)
(3)

As a result of the two components of the air gap power,

the electromagnetic torque of the motor will contain two

components as given in (4).

T p
em =

poles

2

P p
ag

ωe
, Tn

em =
poles

2

Pn
ag

−ωe
,

Tem = T p
em + Tn

em =
poles

2

3Rr

ωe

[
(Ipr )

2

s
− (Inr )

2

(2− s)

] (4)

A. Ripples in the torque

During the unbalanced condition of the stator, the magnitude

of the three-phases and the angle displacements will not

be the same. The positive and negative component of the

stator current can be obtained by decomposing the three-

phase currents using the symmetrical component theory. The

positive sequence component of rotor current can be observe

at frequency ωr = ωe−ωm = sωe while the negative sequence

component are observe at frequency −ωe−ωm = −(2−s)ωe.

While interactions between stator and rotor currents in the

same sequence produce torque of dc values, interactions be-

tween stator current and rotor current in difference sequences

introduce ripples of 120 Hz. Detailed analysis can be referred

in [15].



III. STEADY-STATE CALCULATION

Expressions (1a-1d), related to the motor circuits, constitute

four complex algebraic equations which can be separated to

8 algebraic real equations as given in (5a-5h). Expression

(5i) is related to the torque requirement. If the grid voltage

and motor torque are given, there are nine unknown state

variables, magnitudes and angles of rotor and stator positive-

and negative-sequence currents and the slip rate. The nine

unknown quantities of the motor can be found by solving the

nine equations (5a-5i) using any well known iterative way such

as Newton-Ralphson. In this paper, YALMIP is used to solve

the nonlinear set of equations through nonlinear programming

solver fmincon. Once the stator currents are found, the

terminal voltages of the motor can be found using (5).

f1 =− V p
g cos θpg + (Rs +Rg)I

p
s cosφ

p
g +XmIpr sinφ

p
r

− (Xs +Xm +Xg)I
p
s sinφ

p
s = 0 (5a)

f2 =− V p
g sin θpg + (Rs +Rg)I

p
s sinφ

p
g −XmIpr cosφ

p
r

+ (Xs +Xm +Xg)I
p
s cosφ

p
s = 0 (5b)

f3 =
Rr

s
Ipr cosφ

p
r − (Xr +Xm)Ipr sinφ

p
r +XmIps sinφ

p
s

= 0 (5c)

f4 =
Rr

s
Ipr sinφ

p
r + (Xr +Xm)Ipr cosφ

p
r −XmIps cosφ

p
s

= 0 (5d)

f5 =− V n
g cos θng + (Rs +Rg)I

n
s cosφn

g +XmInr sinφn
r

− (Xs +Xm +Xg)I
n
s sinφn

s = 0 (5e)

f6 =− V n
g sin θng + (Rs +Rg)I

n
s sinφn

g −XmInr cosφn
r

+ (Xs +Xm +Xg)I
n
s cosφn

s = 0 (5f)

f7 =
Rr

2− s
Inr cosφn

r − (Xr +Xm)Inr sinφn
r

+XmIns sinφn
s = 0 (5g)

f8 =
Rr

2− s
Inr sinφn

r + (Xr +Xm)Inr cosφn
r

−XmIns cosφn
s = 0 (5h)

f9 =Tem
2ωe

p
− 3Ip

2

r

[
Rr

s

]
+ 3In

2

r

[
Rr

(2− s)

]
= 0 (5i)

For the balanced voltage condition, only the set of equations

related to the positive sequence circuit are used and the de-

veloped torque of the motor has only the positive component.

A. Initial values

Solving the set of the nonlinear equations (5a-5i) requires

setting initial values for the decision variables. A large error

in the initial values may cause the algorithm to converge to a

local solution not desired. It may alos cause non-convergence

issues. A robust method to estimate the initial values is by

obtaining the values of the variable at slip rate close to zero

since it is the region where induction motor operates during

the steady state operation. in this literature, the initial values

are obtained at slip equals to 0.1 as given in (6).

Ips∠φp
s =

V p
g ∠θpr

Rs +Rg + Zp + jXs + jXg

Ins ∠φn
s =

V n
g ∠θpr

Rs +Rg + Zn + jXs + jXg

Ipr∠φp
s =

jXmIps∠φp
s

jXm + jXr +
Rr

0.1

Inr ∠φn
r =

jXmIns ∠φn
s

jXm + jXr +
Rr

2−0.1

where Zp =
(jXr +

Rr

0.1 )jXm

jXr +
Rr

0.1 + jXm

Zn =
(jXr +

Rr

2−0.1 )jXm

jXr +
Rr

2−0.1 + jXm

(6)

IV. CASE STUDIES

A. Case Study 1: Find The Motor State Variables During
Unbalance Voltage Condition

To validate the proposed method in Section III, a testbed of

an induction motor served by a voltage source is simulated

in MATLAB/SimPowerSystems environment. The motor is

connected to the grid bus through an RL circuit. The model

parameters are shows in Table I. In the simulation model, the

TABLE I: model parameters

Rs 0.435(Ω) friction factor 0
Rr 0.816(Ω) pole pairs 2
Ls 4.0(mH) Inertia 0.089
Lr 2.0(mH) Tmech 11.9(N.m)
Lm 69.31(mH) V 220(60Hz)
Rg 0.1(Ω) HP 3
Lg 1(mH)

motor runs until it reaches the steady-state region. Then, an un-

balanced voltage condition occurs where the voltage at phase

a drops to 0.8 p.u. The stator voltages and currents during the

voltage dip condition obtained from the simulated are shown

in Fig. 3a and Fig. 3b, respectively. Fig. 3c shows the motor

speed. In Table II, the simulation results are compared with the

results using the proposed method described in section III. The

input values to the optimization problem is the grid voltage

(phase-a is 143.7V or 0.8 p.u) and the load Torque (11.9N.m).

The algorithm required 4 iterations to find the solutions for the

equations. Fig. 4 shows the rotor currents for phase A and

TABLE II: Motor variables

Simulation Proposed method

Ips∠φp
s 11.8148∠− 37.2163 11.8145∠− 37.2151

Ins ∠φn
s 4.3057∠109.5634 4.3010∠109.5387

V p
t ∠θpt 164.0435∠− 0.9893 164.0438∠− 0.9893

V n
t ∠θnt 10.3024∠179.2334 10.3043∠179.2385
s 0.0548 0.0548

Ipr∠φp
r 10.05∠− 8.2253 10.0445∠− 8.2268

Inr ∠φn
r 4.1805∠110.4117 4.1799∠110.4327

the positive-and negative-component of the rotor current after
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Fig. 3: Simulation results. (a) Stator voltages. (b) Stator currents. (c) Motor speed.

they are extracted. The positive-sequence of the rotor current

rotates at frequency 3.2 Hz while the negative component has

a frequency of 116.7 Hz. Table II shows the magnitude and

angles of the positive and negative component of the rotor

current obtained from the simulation and proposed method.
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Fig. 4: Rotor currents of the induction motor.

B. Case Study 2: Maximum Torque During Unbalanced Volt-
age Dip

The maximum or breakdown torque is a function of the

terminal voltage of the motor as shown in Fig. 5 . As the

terminal voltage drops, the maximum torque can be achieve

by the motor decreases. During unbalanced voltage condition,

the maximum load torque limit the induction motor can handle

is reduced due to the reversing torque produced by the negative

sequence current. When a motor reaches a steady state region

during a voltage dip, the motor torque can be increase to a

certain value or limit. Beyond this limit, the motor will go

Fig. 5: Torque-speed curve of induction motor.

to the instability region where the steady state equations (5a-

5i) can not be satisfied. For example, in Fig. 6, after the grid

voltage dropped at t = 1.5 s, the motor reaches to the steady

state region again and meet the load torque requirement. At

t = 2.5 s, the load torque is increased. The motor is able to

serve the given load torque since it is below the maximum

breakdown point. At t = 4 s, the load torque is increased

again. However, the load torque is more than the maximum

torque capability of the motor during the voltage dip which

leads the motor to the instability region. Fig. 6a shows the

balanced voltage dip case, while Fig. 6b shows the unbalanced

voltage case.
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Fig. 6: Induction motor response to change in load torque. (a) Balanced voltage dip. (b)
Unbalanced voltage dip.

To find the maximum torque limit during balanced and

unbalanced voltage dip conditions, the optimization problem

is formulated as in (7) and solved by fmincon through

YALMIP. The objective function will be the maximization

of the electromagnetic torque. The constraints of the opti-

mization problem include the nine equations describing the

circuits and torque, the slip limit, and the angle limits. The

decision variables are the stator, rotor currents and the slip

(Ips , I
n
s , I

p
r , I

n
r , φ

p
s , φ

n
sφ

p
r , φ

p
r , s) while the input value to the



optimization problem is the grid voltage.

Maximize(Tem)

subject to (5)

1 ≥s ≥ 0

π ≥ φp
s , φ

n
s ,φ

p
r , φ

n
r ≥ −π

(7)

The maximum torque are found to be 23.5 and 32 N.m

for the balanced and unbalanced voltage dip, respectively. To

validate these limits, the load torque is set to values that

are below the thresholds by 0.5 N.m at t = 2.5 s after the

occurrence of the voltage dip at t = 1.5 s as shown in Fig. 7.

At t = 6 s, the load torque is increased above the thresholds

by 0.5 N.m. It can be seen that the motor loses its stability

after crossing the given thresholds, while it is stable below

them.
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Fig. 7: Motor response for change in load torque above and below the threshold. (a)
During balanced dip. (b) During unbalanced dip.

C. Case Study 3: Minimal Grid Voltage a Motor Can Handle
For a Given Torque

Grid voltage drop may cause a motor stall. In this case

study, we examine the minimal grid voltage a motor can

handle for a given load torque. When the grid voltage dips,

the motor voltage can be decreased as long as the steady state

equation in(5a-5i) can be satisfied. Once these equations are

not satisfied, the motor will lose its stability. In Fig. 8, the

grid voltage decreases at t = 1.5 s. As a result, the stator

current increases to meet the load requirement. At t = 3 s, the

grid voltage dropped to a level that is less than the minimum

voltage that the motor can handle which cases stability issues.

To find the minimal grid voltage system can handle for a given

torque, the optimization problem is formulated as in (8). The

objective function will be the minimization of the grid voltage.

The constrains of the optimization problem are the the steady

state circuit and torque equations (5a-5d), the slip and angle

limits. The input value to the optimization problem is the load
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0.6

0.8
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Fig. 8: Induction motor response to change in voltage.

torque of the motor and, the decision variables are the stator,

rotor currents and the slip(Ips , I
p
r , φ

p
s , φ

p
r , s).

Minimize(V p
g )

Subject to (5a− 5d)

TLoad
2ωe

Poles
−3Ip

2

r

[
Rr

s

]
= 0

1 ≥ s ≥ 0

π ≥ φp
s ,φ

p
r ≥ −π

(8)

By solving (8) for the given motor in Table I, the minimal

grid voltage the motor can handle for 11.9 N.m load torque is

102 V (phase voltage). Fig. 9b shows the motor speed response

to the change in grid voltage shown Fig. 9a. In case A, the

grid voltage is set 1V below the threshold at t = 1.5 s while

it is above the threshold by 1V in case B. It can be seen that,

the motor becomes unstable when the grid voltage is below

the boundary found by the proposed method.
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Fig. 9: Motor response. (a) Grid voltage. (b) Motor speed.

V. CONCLUSION

This paper has presented constrained nonlinear optimization

algorithm to actually identify the maximum load torque for

induction motor during a balanced and unbalanced voltage

dip conditions that occur when the machine is in the steady-

state operation. Moreover, the minimum voltage that can be

achieve to serve a certain load torque is computed using an

optimization-based approach. Additionally, the paper has pre-

sented an accurate method to obtain the steady-state electrical



variables of the induction motor for a give voltage and load

torque by solving a set of nonlinear equations using fmincon

algorithm. Exact equivalent circuit is used throughout the

paper to obtain accurate results. The proposed approach is

validated by comparing the results with the simulation results

using Simulink environment.
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